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Àííîòàöèÿ

Ðàññìàòðèâàþòñÿ ìåòîäû îïåðàòîðíîãî ðàñùåïëåíèÿ � Ëè�Òðîòòåðà (ïåðâûé
ïîðÿäîê) è Ñòðåíãà (âòîðîé ïîðÿäîê) � äëÿ çàäà÷è âûïóêëîé îïòèìèçàöèèminθ Φ(θ) =
f(θ) + R(θ), ãäå f � L-ãëàäêèé ôóíêöèîíàë ïîòåðü, R(θ) � ðåãóëÿðèçàòîð (L2

èëè L1). Óñòàíîâëåíà òî÷íàÿ àëãåáðàè÷åñêàÿ ýêâèâàëåíòíîñòü: øàã ìåòîäà Ëè�
Òðîòòåðà ñîâïàäàåò ñ øàãîì ïðîêñèìàëüíîãî ãðàäèåíòíîãî ìåòîäà (PGD/ISTA),
÷òî îáúåäèíÿåò â åäèíîì ôðåéìâîðêå êëàññè÷åñêèå àëãîðèòìû ìàøèííîãî îáó-
÷åíèÿ � SGD ñ L2-ðåãóëÿðèçàöèåé (weight decay) è ISTA äëÿ Lasso. Äëÿ çàäà÷è
Ridge-ðåãðåññèè (L2) ïîëó÷åíû òî÷íûå ëèíåéíûå îöåíêè ñõîäèìîñòè: ìåòîä Ñòðåí-
ãà îáåñïå÷èâàåò ñèñòåìàòè÷åñêèé ñäâèã O(h2) ïðîòèâ O(h) äëÿ Ëè�Òðîòòåðà. Äëÿ
çàäà÷è Lasso (L1) óñòàíîâëåíà ñóáãðàäèåíòíàÿ ñõîäèìîñòü O(1/k) ïðè ìåíüøåì
ñèñòåìàòè÷åñêîì ñäâèãå äëÿ ìåòîäà Ñòðåíãà. Òåîðåòè÷åñêèå ðåçóëüòàòû ïîäòâåð-
æäåíû ÷èñëåííûìè ýêñïåðèìåíòàìè íà ñèíòåòè÷åñêèõ è ðåàëüíûõ äàííûõ.

Êëþ÷åâûå ñëîâà: îïåðàòîðíîå ðàñùåïëåíèå, ìåòîä Ëè�Òðîòòåðà, ìåòîä Ñòðåíãà,
Lasso, Ridge-ðåãðåññèÿ, ISTA, ïðîêñèìàëüíûå ìåòîäû, weight decay, ñõîäèìîñòü.

Àííîòàöèÿ

We study operator splitting methods — Lie–Trotter (first order) and Strang (sec-
ond order) — for the convex optimization problem minθ Φ(θ) = f(θ) + R(θ), where
f is L-smooth and R is an L1 or L2 regularizer. We establish an exact algebraic
equivalence: one step of Lie–Trotter splitting coincides with one step of the proximal
gradient method (PGD/ISTA), unifying SGD with weight decay and ISTA for Lasso
under a single framework. For L2-regularized problems (Ridge), we derive exact linear
convergence estimates: Strang splitting achieves a systematic bias of O(h2) versus O(h)
for Lie–Trotter. For L1-regularized problems (Lasso), we establish O(1/k) subgradient
convergence with a reduced systematic bias for Strang splitting. Theoretical results
are validated by numerical experiments.

Keywords: operator splitting, Lie–Trotter, Strang splitting, Lasso, Ridge regression,
ISTA, proximal methods, weight decay, convergence analysis.
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1 Ââåäåíèå

1.1 Ìîòèâàöèÿ

Ìåòîäû îïåðàòîðíîãî ðàñùåïëåíèÿ çàíèìàþò öåíòðàëüíîå ìåñòî â ÷èñëåííîì àíàëèçå
äèôôåðåíöèàëüíûõ óðàâíåíèé [6, 7]. Â çàäà÷àõ ìàøèííîãî îáó÷åíèÿ çàäà÷à îïòèìèçà-
öèè

min
θ∈Rp

Φ(θ) = f(θ) +R(θ) (1)

âñòðå÷àåòñÿ ïîâñåìåñòíî: f(θ) = 1
n

∑n
i=1 ℓ(θ;xi, yi) � ýìïèðè÷åñêàÿ ôóíêöèÿ ïîòåðü,

R(θ) = λr(θ) � ðåãóëÿðèçàòîð. Äâà íàèáîëåå âàæíûõ ñëó÷àÿ:

� R(θ) = λ
2
∥θ∥2 (L2-ðåãóëÿðèçàöèÿ, Ridge) � ðåãóëÿðèçàöèÿ íåéðîñåòåé, weight decay

â SGD;

� R(θ) = λ ∥θ∥1 (L1-ðåãóëÿðèçàöèÿ, Lasso) � ðàçðåæåííûå ìîäåëè, ñæàòèå ïðèçíà-
êîâ.

Íåñìîòðÿ íà òî ÷òî àëãîðèòìû òèïà SGD+weight decay è ISTA õîðîøî èçó÷åíû [3],
èõ èíòåðïðåòàöèÿ êàê ìåòîäîâ îïåðàòîðíîãî ðàñùåïëåíèÿ îòêðûâàåò âîçìîæíîñòü ñè-
ñòåìàòè÷åñêè ïåðåíîñèòü ðåçóëüòàòû òåîðèè ðàñùåïëåíèÿ (ïðåæäå âñåãî: ïîâûøåíèå
ïîðÿäêà ÷åðåç ñõåìó Ñòðåíãà) â àëãîðèòìèêó ìàøèííîãî îáó÷åíèÿ.

1.2 Îñíîâíûå ðåçóëüòàòû

(R1) Òåîðåìà 1 (Ýêâèâàëåíòíîñòü). Øàã ìåòîäà Ëè�Òðîòòåðà äëÿ (1) ñîâïàäàåò ñ
øàãîì ïðîêñèìàëüíîãî ãðàäèåíòíîãî ìåòîäà (PGD/ISTA). Ñëåäñòâèÿ: SGD+weight decay
≡ Ëè�Òðîòòåð äëÿ L2; ISTA äëÿ Lasso ≡ Ëè�Òðîòòåð äëÿ L1.

(R2) Òåîðåìà 2 (Ñòðåíã, âòîðîé ïîðÿäîê). Ñõåìà Ñòðåíãà îáåñïå÷èâàåò ëîêàëüíóþ
îøèáêó O(h3) ïðîòèâ O(h2) äëÿ Ëè�Òðîòòåðà. Äëÿ Ridge: ìàòðèöà ïåðåõîäàMS =
(I − hH)(1 + hλ/2)−2, ñïåêòðàëüíûé ðàäèóñ ρS < ρLT.

(R3) Òåîðåìà 3 (Ridge, ëèíåéíàÿ ñõîäèìîñòü). Ïðè [Af , AR] = 0 (Ridge: AR = −λI
êîììóòèðóåò ñ Af ) ðàñùåïëÿþùàÿ îøèáêà îòñóòñòâóåò. ßâíàÿ ñêîðîñòü:

(
1/(1 +

hλ)
)2k

.

(R4) Òåîðåìà 4 (Ñòðåíã óëó÷øàåò ïîë). Ðàçíèöà ρLT−ρS = O(h2λ2), èòåðàöèîííàÿ
ýêîíîìèÿ O(log(1/ε)/κ2).

(R5) Òåîðåìà 5 (Lasso, O(1/k)). Îáà ìåòîäà (Ëè�Òðîòòåð�ISTA è Ñòðåíã�ISTA) äà-
þò O(1/k), íî Ñòðåíã èìååò ïîë O(h2) ïðîòèâ O(h). Ïðè µ-ñèëüíîé âûïóêëîñòè:
ëèíåéíàÿ ñõîäèìîñòü äî ïîëà O(h2).

1.3 Ñâÿçü ñ ëèòåðàòóðîé

Ìåòîäû îïåðàòîðíîãî ðàñùåïëåíèÿ. Òåîðèÿ ðàñùåïëåíèÿ îïåðàòîðîâ óõîäèò êîð-
íÿìè â ðàáîòû Ëè�Òðîòòåðà 1950�60-õ ãîäîâ è ñåãîäíÿ çàíèìàåò öåíòðàëüíîå ìåñòî â
ãåîìåòðè÷åñêîé ÷èñëåííîé èíòåãðàöèè. Îáçîðû McLachlan è Quispel [7] è Blanes et al. [1]
ñèñòåìàòèçèðóþò ñõåìû ïåðâîãî è âûñøåãî ïîðÿäêîâ (Ñòðåíãà, Yoshida, Suzuki) ñ îöåí-
êàìè ëîêàëüíûõ îøèáîê ÷åðåç ôîðìóëó Áåéêåðà�Êýìïáåëëà�Õàóñäîðôà. Ìîíîãðàôèÿ
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Õàéðåðà, Ëþáèõà è Âàðíåðà [6] óñòàíàâëèâàåò ñîõðàíåíèå ñòðóêòóðû ñèìïëåêòè÷åñêè-
ìè ìåòîäàìè. Íåäàâíî Eisenmann è Stillfjord [5] ðàñïðîñòðàíèëè ðàñùåïëåíèå íà ñòî-
õàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ëîêàëüíî Ëèïøèöåâûì ñíîñîì, ÷òî íåïî-
ñðåäñòâåííî ñâÿçàíî ñî ñòîõàñòè÷åñêèìè çàäà÷àìè îïòèìèçàöèè.

Ïðîêñèìàëüíûå àëãîðèòìû â ìàøèííîì îáó÷åíèè. Ïàðàëëåëüíî ðàçâèâàëàñü
òåîðèÿ ïðîêñèìàëüíûõ ìåòîäîâ. Combettes è Pesquet [4] ðàçðàáîòàëè åäèíûé ôðåéì-
âîðê äëÿ íåâûïóêëûõ è íåãëàäêèõ çàäà÷, âêëþ÷àÿ ProxPoint, ADMM, Douglas�Rachford
splitting. Îáçîð Parikh è Boyd [8] ñèñòåìàòèçèðóåò àëãîðèòìû äëÿ çàäà÷ ìàøèííîãî
îáó÷åíèÿ: Lasso, SVM, ìàòðè÷íîå äîïîëíåíèå. Êëþ÷åâûì àëãîðèòìîì äëÿ çàäà÷ ñ L1-
ðåãóëÿðèçàöèåé ñòàë ISTA (è åãî óñêîðåííûé âàðèàíò FISTA) Áåêà è Òåáóëëå [3] ñî
ñêîðîñòüþ ñõîäèìîñòè O(1/k) è O(1/k2) ñîîòâåòñòâåííî. Îäíàêî ñâÿçü ìåæäó ISTA è
òåîðèåé îïåðàòîðíîãî ðàñùåïëåíèÿ îñòàâàëàñü íåÿâíîé.

Ðàñùåïëåíèå äëÿ îáó÷åíèÿ íåéðîñåòåé. Alecsa, L�aszl�o è Pint�er [2] âïåðâûå ïðèìå-
íèëè ìåòîä Ëè�Òðîòòåðà äëÿ çàäà÷ îáó÷åíèÿ íåéðîñåòåé, íî áåç ðåãóëÿðèçàòîðà: R ≡ 0.
Îíè óñòàíîâèëè ñâÿçü ñ èíåðöèîííûìè ìåòîäàìè òèïà Íåñòåðîâà, íå ðàññìàòðèâàÿ ñõå-
ìó Ñòðåíãà è íå ïîëó÷àÿ òî÷íîé ýêâèâàëåíòíîñòè ñ ïðîêñ-àëãîðèòìàìè. Íåçàâèñèìî,
Dherin et al. [10] òåîðåòè÷åñêè è ýêñïåðèìåíòàëüíî ïîêàçàëè, ÷òî ïîðÿäîê êîìïîçèöèè
ãðàäèåíòíûõ îáíîâëåíèé ñóùåñòâåííî âëèÿåò íà óñòîé÷èâîñòü è ïðåäåë ñõîäèìîñòè:
¾îáðàòíûé¿ ïîðÿäîê îáåñïå÷èâàåò ñõîäèìîñòü ê òî÷êå, òîãäà êàê ñòàíäàðòíûé SGD ñõî-
äèòñÿ ëèøü ê ðàñïðåäåëåíèþ. Ýòîò ðåçóëüòàò äîïîëíèòåëüíî ìîòèâèðóåò ñèììåòðè÷íûå
ñõåìû ðàñùåïëåíèÿ (Ñòðåíã), èññëåäóåìûå â íàñòîÿùåé ðàáîòå.

Âêëàä íàñòîÿùåé ðàáîòû. Íàñòîÿùàÿ ñòàòüÿ äîïîëíÿåò [2] ïî òð¼ì íàïðàâëåíèÿì:

1. Ðåãóëÿðèçàòîð. Âêëþ÷àåì â àíàëèç L1- è L2-ðåãóëÿðèçàöèþ, ÷òî ïîçâîëÿåò îõâà-
òèòü SGD ñ weight decay è ISTA äëÿ Lasso.

2. Òî÷íàÿ ýêâèâàëåíòíîñòü. Òåîðåìà 3.1 óñòàíàâëèâàåò àëãåáðàè÷åñêîå ðàâåíñòâî
øàãà Ëè�Òðîòòåðà è øàãà PGD/ISTA � áåç êàêèõ-ëèáî àïïðîêñèìàöèîííûõ äî-
ïóùåíèé ïðè èñïîëüçîâàíèè ÿâíîãî èíòåãðèðîâàíèÿ Af .

3. Âòîðîé ïîðÿäîê. Òåîðåìà 3.2 àíàëèçèðóåò ñõåìó Ñòðåíãà: ÿâíàÿ ìàòðèöà ïåðå-
õîäà, ñïåêòðàëüíûé ðàäèóñ ρS < ρLT, è òî÷íàÿ ôîðìóëà óëó÷øåíèÿ ñèñòåìàòè÷å-
ñêîãî ñäâèãà O(h2) (Òåîðåìà 4.2).

Òàêèì îáðàçîì, ðàñùåïëåíèå îïåðàòîðîâ äà¼ò åäèíûé òåîðåòè÷åñêèé ÿçûê äëÿ êëàñ-
ñè÷åñêèõ àëãîðèòìîâ ML (SGD+L2, ISTA, Strang-ISTA) è îòêðûâàåò ïóòü ê ìåòîäàì
âûñøåãî ïîðÿäêà (Yoshida, Ruth�Forest).

1.4 Ñòðóêòóðà ñòàòüè

Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçäåëå 2 ïîñòàâëåíà çàäà÷à, ââåäåíû
ïðåäïîëîæåíèÿ è íàïîìèíàþòñÿ áàçîâûå ïîíÿòèÿ: ïðîêñèìàëüíûé îïåðàòîð, ìåòîäû
Ëè�Òðîòòåðà è Ñòðåíãà. Â ðàçäåëå 3 äîêàçàíà Òåîðåìà 1 (àëãåáðàè÷åñêàÿ ýêâèâàëåíò-
íîñòü øàãà Ëè�Òðîòòåðà ñ øàãîì PGD/ISTA) è äàí åäèíûé âçãëÿä íà SGD+L2 è ISTA.
Â ðàçäåëå 4 ïîëó÷åíû îöåíêè ñõîäèìîñòè: Òåîðåìà 2 � âòîðîé ïîðÿäîê Ñòðåíãà ÷å-
ðåç BCH-ðàçëîæåíèå; Òåîðåìû 3�4 � òî÷íûå ëèíåéíûå îöåíêè äëÿ Ridge-ðåãðåññèè ñ
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ôîðìóëîé óëó÷øåíèÿ ñèñòåìàòè÷åñêîãî ñäâèãà O(h2) ïðîòèâ O(h); Òåîðåìà 5 � ñóáãðà-
äèåíòíàÿ ñõîäèìîñòü O(1/k) äëÿ çàäà÷è Lasso ñ óëó÷øåííûì ïîëîì äëÿ ìåòîäà Ñòðåíãà.
Â ðàçäåëå 5 ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ íà ñèíòåòè÷åñêèõ äàííûõ
(Ridge è Lasso), ïîäòâåðæäàþùèõ òåîðåòè÷åñêèå îöåíêè. Ðàçäåë 6 ñîäåðæèò çàêëþ÷åíèå
è íàïðàâëåíèÿ äàëüíåéøèõ èññëåäîâàíèé.

2 Ïîñòàíîâêà çàäà÷è è ïðåäâàðèòåëüíûå ñâåäåíèÿ

2.1 Çàäà÷à îïòèìèçàöèè è ïðåäïîëîæåíèÿ

Ðàññìàòðèâàåòñÿ çàäà÷à (1) ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ.

Ïðåäïîëîæåíèå 1 (Ãëàäêîñòü). Ôóíêöèÿ f : Rp → R ÿâëÿåòñÿ L-ãëàäêîé: ∥∇f(θ)−∇f(ϕ)∥ ≤
L ∥θ − ϕ∥ äëÿ âñåõ θ, ϕ ∈ Rp.

Ïðåäïîëîæåíèå 2 (Âûïóêëîñòü). Ôóíêöèÿ Φ = f + R ÿâëÿåòñÿ âûïóêëîé. Â ñëó÷àå
µ-ñèëüíîé âûïóêëîñòè: Φ(ϕ) ≥ Φ(θ) + ⟨g, ϕ− θ⟩+ µ

2
∥ϕ− θ∥2 äëÿ âñåõ ϕ, g ∈ ∂Φ(θ).

Ïðåäïîëîæåíèå 3 (Ðåãóëÿðèçàòîð). Ôóíêöèÿ R : Rp → R∪{+∞} âûïóêëà è ïðàâèëü-
íà. Îïåðàòîð ïðîêñèìàëüíîãî îòîáðàæåíèÿ proxhR(u) = argminθ{R(θ) + 1

2h
∥θ − u∥2}

âû÷èñëÿåòñÿ ýôôåêòèâíî.

2.2 Ïðîêñèìàëüíûå îïåðàòîðû äëÿ L1 è L2

� L2-ðåãóëÿðèçàöèÿ: R(θ) = λ
2
∥θ∥2, proxhλR(u) = u/(1 + hλ) (ìàñøòàáèðîâàíèå).

� L1-ðåãóëÿðèçàöèÿ: R(θ) = λ ∥θ∥1, proxhλR(u) = Shλ(u) = sign(u) · max(|u| − hλ, 0)
(ìÿãêîå ïîðîãîâîå).

2.3 Ìåòîäû îïåðàòîðíîãî ðàñùåïëåíèÿ

Ôîðìàëüíàÿ äèíàìè÷åñêàÿ ñèñòåìà äëÿ çàäà÷è (1):

θ̇ = −∇f(θ)− ∂R(θ) ≡ Af (θ) + AR(θ), (2)

ãäå Af = −∇f , AR = −∂R (ñóáãðàäèåíò â ñìûñëå âêëþ÷åíèÿ).

Ìåòîä Ëè�Òðîòòåðà (ïåðâûé ïîðÿäîê).

θk+1 = ΦAR
h ◦ ΦAf

h (θk), (3)

ãäå ΦA
h � îïåðàòîð ñäâèãà âäîëü ïîòîêà θ̇ = A(θ) çà âðåìÿ h.

Ìåòîä Ñòðåíãà (âòîðîé ïîðÿäîê).

θk+1 = ΦAR

h/2 ◦ Φ
Af

h ◦ ΦAR

h/2(θk). (4)

Ñòàíäàðòíîå ðàçëîæåíèå Áåéêåðà�Êýìïáåëëà�Õàóñäîðôà (BCH): ëîêàëüíàÿ îøèá-
êà Ëè�Òðîòòåðà O(h2), Ñòðåíãà O(h3). Äëÿ íåãëàäêîãî R (Lasso) BCH íå ïðèìåíèìî
íàïðÿìóþ; ñì. Òåîðåìó 4.3.
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3 Ýêâèâàëåíòíîñòü ñ ïðîêñèìàëüíûìè ìåòîäàìè

Òåîðåìà 3.1 (Ýêâèâàëåíòíîñòü Ëè�Òðîòòåðà è PGD/ISTA). Ïóñòü âûïîëíåíû ïðåä-
ïîëîæåíèÿ 1 è 3. Òîãäà îäèí øàã ìåòîäà Ëè�Òðîòòåðà (3) äà¼ò

θk+1 = proxhR
(
θk − h∇f(θk)

)
+O(h2 L), (5)

ò. å. ñîâïàäàåò ñ øàãîì ïðîêñèìàëüíîãî ãðàäèåíòíîãî ìåòîäà (PGD/ISTA) ñ òî÷íî-

ñòüþ äî ÷ëåíà O(h2L). Ïðè çàìåíå ÿâíîãî èíòåãðèðîâàíèÿ Φ
Af

h íà øàã Ýéëåðà (θk −
h∇f(θk)) ýêâèâàëåíòíîñòü ñòàíîâèòñÿ òî÷íîé.

Ëåììà 3.1 (Òî÷íîå ðåøåíèå ïðîêñèìàëüíîé ODE). Òî÷íîå ðåøåíèå âêëþ÷åíèÿ θ̇ ∈
−∂R(θ), θ(0) = v, çà âðåìÿ h > 0 åñòü: ΦAR

h (v) = proxhR(v).

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ, u∗ = proxhR(v) óäîâëåòâîðÿåò: 0 ∈ ∂R(u∗) + 1
h
(u∗ −

v), îòêóäà v−u∗

h
∈ ∂R(u∗). Ïî òåîðåìå Áðåçèñà�Ïàñû î m-äèññèïàòèâíûõ îïåðàòîðàõ,

òî÷íîå ðåøåíèå θ(h) âêëþ÷åíèÿ Êîøè (θ̇ ∈ −∂R(θ), θ(0) = v) çàäà¼òñÿ ðåçîëüâåíòîé:
θ(h) = (I + h∂R)−1(v) = proxhR(v).

Äîêàçàòåëüñòâî Òåîðåìû 3.1. Øàã 1. Äëÿ ïîòîêà Φ
Af

h óðàâíåíèÿ θ̇ = −∇f(θ) ïðè
ÿâíîì Ýéëåðîâî èíòåãðèðîâàíèè ñ øàãîì h:

Φ
Af

h (θk) = θk − h∇f(θk) +O(h2L).

Îáîçíà÷èì θ̃ := θk − h∇f(θk).
Øàã 2. Ïî Ëåììå 3.1: ΦAR

h (θ̃) = proxhR(θ̃).
Îáúåäèíåíèå. Îäèí øàã Ëè�Òðîòòåðà (3):

θk+1 = ΦAR
h

(
Φ
Af

h (θk)
)
= proxhR

(
θk − h∇f(θk)

)
+O(h2L).

Ïðè çàìåíå Φ
Af

h íà øàã Ýéëåðà (θ̃ áåç O(h2)) ýêâèâàëåíòíîñòü ñòàíîâèòñÿ òî÷íîé.

Ñëåäñòâèå 3.1.1 (SGD ñ weight decay). Ñòîõàñòè÷åñêèé øàã θk+1 = (1− hλ)θk − h gk,
ãäå gk � ñòîõàñòè÷åñêèé ñóáãðàäèåíò f , ñîâïàäàåò ñ ìåòîäîì Ëè�Òðîòòåðà äëÿ L2-
çàäà÷è ïðè R(θ) = λ

2
∥θ∥2.

Äîêàçàòåëüñòâî. Ïî Òåîðåìå 3.1 ñ R(θ) = λ
2
∥θ∥2: proxhR(u) = u/(1+ hλ). Ñëåäîâàòåëü-

íî,

proxhR(θk − h∇f(θk)) =
θk − h∇f(θk)

1 + hλ
= (1− hλ)θk − h∇f(θk) +O(h2λ2),

÷òî ñîâïàäàåò ñ ôîðìóëîé SGD ñ weight decay ïðè çàìåíå ∇f íà ñòîõàñòè÷åñêèé ñóá-
ãðàäèåíò gk.

Ñëåäñòâèå 3.1.2 (ISTA äëÿ Lasso). Àëãîðèòì ISTA (θk+1 = Shλ(θk − h∇f(θk))) ñîâïà-
äàåò ñ ìåòîäîì Ëè�Òðîòòåðà äëÿ L1-çàäà÷è.

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííî èç Òåîðåìû 3.1: proxhλ∥·∥1 = Shλ (ìÿãêîå ïîðîãîâîå
ïðåîáðàçîâàíèå).
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Òåîðåìà 3.2 (Ñòðåíã � âòîðîé ïîðÿäîê äëÿ L2). Ïóñòü R(θ) = λ
2
∥θ∥2 è f(θ) = 1

2
θ⊤Hθ

(H ≻ 0, H ∈ Rp×p). Òîãäà ìàòðèöà ïåðåõîäà ìåòîäà Ñòðåíãà (4) èìååò âèä:

MS =
I − hH

(1 + hλ/2)2
, ρS =

1− hσ2
min

(1 + hλ/2)2
, (6)

à ñïåêòðàëüíûé ðàäèóñ óäîâëåòâîðÿåò ρS < ρLT ïðè h > 0. Ëîêàëüíàÿ îøèáêà Ñòðåíãà
ðàâíà O(h3) ïðîòèâ O(h2) äëÿ Ëè�Òðîòòåðà.

Äîêàçàòåëüñòâî. Îáîçíà÷èì α = 1 + hλ/2.

×àñòü (ii): ÿâíàÿ ôîðìóëà øàãà. Ïåðâûé ïðîêñèìàëüíûé ïîëóøàã: θ
(1/2)
k =

prox(h/2)R(θk) = θk/α. Ãðàäèåíòíûé øàã ïî f :

uk = θ
(1/2)
k − h∇f

(
θ
(1/2)
k

)
=

θk
α

− h

(
Hθk
α

−X⊤b

)
=

(I − hH) θk
α

+ hX⊤b.

Âòîðîé ïðîêñèìàëüíûé ïîëóøàã: θk+1 = uk/α = (I − hH) θk/α
2 + hX⊤b/α. Ïîñêîëüêó

θ∗ = (H + λI)−1X⊤b óäîâëåòâîðÿåò (H + λI)θ∗ = X⊤b, ïðÿìîå âû÷èñëåíèå äà¼ò:

θk+1 − θ∗ =
I − hH

α2
(θk − θ∗) + θ∗

[
I − hH

α2
+

h(H + λI)

α
− I

]
.

×ëåí â ñêîáêàõ ïîêîîðäèíàòíî (äëÿ ñîáñòâåííîãî çíà÷åíèÿ σ2
i ìàòðèöûH) ðàâåí h2λ2/(4α2),

÷òî äà¼ò ñäâèã íåïîäâèæíîé òî÷êè O(h2). Òàêèì îáðàçîì, ìàòðèöà ïåðåõîäà (6) îïðå-
äåëÿåò äèíàìèêó îøèáêè.

×àñòü (iii): ëèíåéíàÿ ñõîäèìîñòü. Ïðè hσ2
max ≤ 1 âñå ñîáñòâåííûå çíà÷åíèÿ MS

íåîòðèöàòåëüíû è îãðàíè÷åíû ñâåðõó ρS = (1− hσ2
min)/α

2: ∥θk − θ∗∥2 ≤ ρ2kS ∥θ0 − θ∗∥2.
×àñòü (i): âòîðîé ïîðÿäîê.ÄëÿAf = −H,AR = −λI ôîðìóëà Áåéêåðà�Êýìïáåëëà�

Õàóñäîðôà:

ehAf ehAR = eh(Af+AR)+(h2/2)[Af ,AR]+O(h3),

e(h/2)ARehAf e(h/2)AR = eh(Af+AR)+O(h3),

ïîñêîëüêó â ñèììåòðè÷íîé ñõåìå Ñòðåíãà âåäóùèé êîììóòàòîðíûé ÷ëåí h2[Af , AR]/2
ñîêðàùàåòñÿ. Ñëåäîâàòåëüíî, ëîêàëüíàÿ ïîãðåøíîñòü Ñòðåíãà O(h3) ïðîòèâ O(h2) ó
Ëè�Òðîòòåðà, à ρS < ρLT ïðè h > 0 èç íåðàâåíñòâà (1 + hλ/2)2 > 1 + hλ.

Çàìå÷àíèå 1 (Ñìåùåíèå íåïîäâèæíîé òî÷êè). Òî÷íàÿ íåïîäâèæíàÿ òî÷êà θ̃∗ ìåòî-

äà Ñòðåíãà îòëè÷àåòñÿ îò ìèíèìóìà θ∗ ôóíêöèîíàëà Φ íà
∥∥∥θ̃∗ − θ∗

∥∥∥ = O(h2 ∥θ∗∥).
Ïðè h ≪ 1/L äàííîå ñìåùåíèå ïðåíåáðåæèìî ìàëî, îäíàêî òåîðåòè÷åñêè âàæíî ïðè
êðóïíûõ øàãàõ.

4 Îöåíêè ñêîðîñòè ñõîäèìîñòè

4.1 L2-ðåãóëÿðèçàöèÿ (Ridge)

Òåîðåìà 4.1 (Ëèíåéíàÿ ñõîäèìîñòü äëÿ Ridge). Ïóñòü R(θ) = λ
2
∥θ∥2, ïðåäïîëîæå-

íèÿ 1�3 âûïîëíåíû, h ≤ 1/L. Ïîñêîëüêó AR = −λI êîììóòèðóåò ñ Af (ò. å. [Af , AR] =
0), ðàñùåïëÿþùàÿ îøèáêà îòñóòñòâóåò. Ìåòîä Ëè�Òðîòòåðà (3) ñõîäèòñÿ ëèíåéíî:

∥θk − θ∗∥2 ≤
(

1

1 + hλ

)2k

∥θ0 − θ∗∥2 . (7)

6



Äîêàçàòåëüñòâî. Øàã 1 (Êîììóòàòèâíîñòü). Äëÿ Af = −H = −X⊤X è AR = −λI:
[Af , AR] = λH − λH = 0. Ñëåäîâàòåëüíî, eh(Af+AR) = ehAf · ehAR , è ðàñùåïëÿþùàÿ
îøèáêà îòñóòñòâóåò.

Øàã 2 (Ìàòðèöà ïåðåõîäà). Ïî Òåîðåìå 3.1: θk+1 = proxhR(θk − h∇f(θk)) =
(I − hH)θk/(1 + hλ) + hX⊤b/(1 + hλ). Ïîñêîëüêó θ∗ = (H + λI)−1X⊤b:

θk+1 − θ∗ =
I − hH

1 + hλ
(θk − θ∗) =: MLT (θk − θ∗).

Øàã 3 (Ñïåêòðàëüíûé àíàëèç). Â ñîáñòâåííîì áàçèñåH = QΛQ⊤ (Λ = diag(σ2
1, . . . , σ

2
p))

i-å ñîáñòâåííîå çíà÷åíèå MLT ðàâíî (1 − hσ2
i )/(1 + hλ). Ïðè h ≤ 1/L âñå îíè íåîòðè-

öàòåëüíû, à íàèáîëüøåå: ρLT = (1 − hσ2
min)/(1 + hλ) ≤ 1/(1 + hλ). Èòîãî: ∥θk − θ∗∥2 ≤

ρ2kLT ∥θ0 − θ∗∥2 ≤
(
1/(1 + hλ)

)2k ∥θ0 − θ∗∥2.

Ñëåäñòâèå 4.1.1 (Îïòèìàëüíûé øàã). Ïðè h∗ = 1/
√
Lλ ñêîðîñòü (7) ñòàíîâèòñÿ(

(
√
κ− 1)/(

√
κ+ 1)

)2k
, ãäå κ = L/λ � ÷èñëî îáóñëîâëåííîñòè.

Òåîðåìà 4.2 (Ñòðåíã óëó÷øàåò ïîë íà ïîðÿäîê h). Ïðè óñëîâèÿõ Òåîðåìû 4.1 ðàçíèöà
ñïåêòðàëüíûõ ðàäèóñîâ:

ρLT − ρS =
h2λ2(1− hσ2)

4(1 + hλ)(1 + hλ/2)2
= O(h2λ2). (8)

Â ÷àñòíîñòè, ïðè µ-ñèëüíîé âûïóêëîñòè èòåðàöèîííàÿ ýêîíîìèÿ Ñòðåíãà ñîñòàâëÿ-
åò O

(
log(1/ε)/κ2

)
øàãîâ.

Äîêàçàòåëüñòâî. ×àñòü (i): ρS < ρLT. Èç Òåîðåì 3.2 è 4.1:

ρLT − ρS = (1− hσ2
min)

[
1

1 + hλ
− 1

(1 + hλ/2)2

]
.

×èñëèòåëü âòîðîãî ìíîæèòåëÿ: (1 + hλ/2)2 − (1 + hλ) = h2λ2/4 > 0, ñëåäîâàòåëüíî
ρS < ρLT.

×àñòü (ii): ÿâíàÿ ôîðìóëà (8). Èç âû÷èñëåíèÿ âûøå:

ρLT − ρS =
(1− hσ2

min)h
2λ2/4

(1 + hλ)(1 + hλ/2)2
= O(h2λ2).

×àñòü (iii): èòåðàöèîííàÿ ýêîíîìèÿ.×èñëî èòåðàöèé äëÿ òî÷íîñòè ε: k = ⌈log(1/ε)/(2 log(1/ρ))⌉.
Ïðè h → 0: log(1/ρLT) ≈ h(σ2

min + λ), ∆h/ρS ≈ h2λ2/4, îòêóäà

kLT − kS ≈ log(1/ε)λ2

8(σ2
min + λ)2

= O

(
log(1/ε)

κ2

)
.

Çàìå÷àíèå 2 (Íåëèíåéíûé ñëó÷àé). Äëÿ íåëèíåéíîé ãëàäêîé f ñ R(θ) = λ
2
∥θ∥2 êîììó-

òàòîð [Af , AR] ̸= 0 ïðè íåïîñòîÿííîì Ãåññèàíå ∇2f . Òîãäà Ëè�Òðîòòåð íàêàïëèâàåò
ñèñòåìàòè÷åñêîå ñìåùåíèå O(h), à Ñòðåíã � O(h2) (èç BCH òðåòüåãî ïîðÿäêà). Äëÿ
Lasso ([Af , AR] ̸= 0 èç-çà íåãëàäêîñòè) àíàëîãè÷íûé ðåçóëüòàò óñòàíàâëèâàåòñÿ â
Òåîðåìå 4.3.
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4.2 L1-ðåãóëÿðèçàöèÿ (Lasso)

Ìåòîä Ëè�Òðîòòåðà (= ISTA) áûë îïðåäåë¼í â Òåîðåìå 3.1: θk+1 = Sλh(θk − h∇f(θk)).
Ìåòîä Ñòðåíãà (Strang-ISTA) îïðåäåëÿåòñÿ ñèììåòðè÷íûì ðàñùåïëåíèåì e(h/2)AR◦ehAf ◦
e(h/2)AR :

yk = Sλh/2(θk), (9)

zk = yk − h∇f(yk), (10)

θk+1 = Sλh/2(zk). (11)

Êëþ÷åâîå îòëè÷èå: ISTA âû÷èñëÿåò ∇f â θk, à Strang-ISTA � â yk = Sλh/2(θk), êîòîðàÿ
áëèæå ê θ∗ ïî ñëåäóþùåé ëåììå.

Ëåììà 4.1 (Íåðàñøèðÿåìîñòü Sτ ). Äëÿ ëþáîãî τ > 0 è θ∗ � ðåøåíèÿ çàäà÷è (1):

∥Sτ (θ)− θ∗∥2 ≤ ∥θ − θ∗∥2 − ∥θ − Sτ (θ)∥2 . (12)

Äîêàçàòåëüñòâî. Îïåðàòîð Sτ = proxτ∥·∥1 ÿâëÿåòñÿ ïðîêñèìàëüíûì îïåðàòîðîì âûïóê-
ëîé ôóíêöèè τ ∥·∥1. Ïî îáîáù¼ííîìó íåðàâåíñòâó Ïèôàãîðà äëÿ ïðîêñèìàëüíûõ îïå-
ðàòîðîâ (Bauschke�Combettes [9], Prop. 12.28): äëÿ ëþáîãî v ∈ Rp è x∗ = proxτg(x

∗) (ò.å.
x∗ � ôèêñèðîâàííàÿ òî÷êà proxτg):∥∥proxτg(v)− x∗∥∥2 + ∥∥v − proxτg(v)

∥∥2 ≤ ∥v − x∗∥2 .

Ìèíèìèçàòîð θ∗ çàäà÷è Lasso óäîâëåòâîðÿåò 0 ∈ ∇f(θ∗) + λ∂ ∥θ∗∥1, îòêóäà Sτ (θ
∗) = θ∗

ïðè τ ≤ λh (èç ìîíîòîííîñòè ñóáäèôôåðåíöèàëà ∂ ∥·∥1). Ïîäñòàíîâêà v = θ, x∗ = θ∗

äà¼ò (12).

Òåîðåìà 4.3 (Ñõîäèìîñòü äëÿ Lasso). Ïóñòü f � L-ãëàäêàÿ, R(θ) = λ ∥θ∥1, h ≤ 1/(2L),
θ∗ � ðåøåíèå çàäà÷è (1).

(à) Ìåòîä Ëè�Òðîòòåðà�ISTA.

Φ(θk)− Φ∗ ≤ ∥θ0 − θ∗∥2

2hk
+O(h) · L2,

ãäå O(h) · L2 � ñèñòåìàòè÷åñêèé ñäâèã ðàñùåïëåíèÿ ïåðâîãî ïîðÿäêà.

(á) Ìåòîä Ñòðåíã�ISTA. Ôóíêöèÿ Ëÿïóíîâà ñîäåðæèò äîïîëíèòåëüíûé íåîò-
ðèöàòåëüíûé ÷ëåí 1

2hK
∥θk − yk∥2 ≥ 0, à ñèñòåìàòè÷åñêèé ñäâèã óìåíüøàåòñÿ äî

O(h2):

Φ(θk)− Φ∗ ≤ ∥θ0 − θ∗∥2

2hk
+O(h2) · L2.

Äîêàçàòåëüñòâî. Äîêàæåì ÷àñòü (á) (Ñòðåíã�ISTA); ÷àñòü (à) ñëåäóåò àíàëîãè÷íî ñ
çàìåíîé yk → θk è áåç áîíóñíîãî ÷ëåíà.

Øàã 1 (Ëåììà î ñæàòèè). Èç Ëåììû 4.1 ñ τ = λh/2:

∥yk − θ∗∥2 ≤ ∥θk − θ∗∥2 − ∥θk − yk∥2 . (13)

Øàã 2 (Descent äëÿ ãðàäèåíòíîãî øàãà).Èç L-ãëàäêîñòè f ïðè h ≤ 1/L: f(zk) ≤
f(yk)− h

2
∥∇f(yk)∥2. Ñëåäîâàòåëüíî:

∥zk − θ∗∥2 = ∥yk − θ∗∥2 − 2h⟨∇f(yk), yk − θ∗⟩+ h2 ∥∇f(yk)∥2 . (14)
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Øàã 3 (Ïðîêñ-íåðàâåíñòâî, âòîðîé ïîëóøàã).Èç Ëåììû 4.1 äëÿ θk+1 = Sλh/2(zk):

∥θk+1 − θ∗∥2 ≤ ∥zk − θ∗∥2 − ∥zk − θk+1∥2 . (15)

Øàã 4 (Ðåêóððåíòíîñòü Ëÿïóíîâà). Ïîäñòàâëÿÿ (14) â (15) è èñïîëüçóÿ (13):

∥θk+1 − θ∗∥2 ≤ ∥θk − θ∗∥2 − ∥θk − yk∥2 − 2h⟨∇f(yk), yk − θ∗⟩+ h2 ∥∇f(yk)∥2 .

Èç âûïóêëîñòè f : ⟨∇f(yk), yk − θ∗⟩ ≥ f(yk) − f(θ∗). Èç îïòèìàëüíîñòè θk+1 êàê prox
è âûïóêëîñòè g: g(yk) ≥ g(θk+1) + ⟨sk+1, yk − θk+1⟩ äëÿ sk+1 ∈ ∂g(θk+1). Îáúåäèíÿÿ è
îöåíèâàÿ h2 ∥∇f(yk)∥2 ≤ 2h(f(yk)− f(zk)):

∥θk+1 − θ∗∥2 ≤ ∥θk − θ∗∥2 − ∥θk − yk∥2 − 2h
(
Φ(yk)− Φ∗). (16)

Øàã 5 (Òåëåñêîïèðîâàíèå). Ñóììèðóÿ (16) ïî k = 0, . . . , K − 1:

2h
K−1∑
k=0

(
Φ(yk)− Φ∗)+ K−1∑

k=0

∥θk − yk∥2 ≤ ∥θ0 − θ∗∥2 .

Èç âûïóêëîñòè Φ: Φ
(

1
K

∑
yk
)
− Φ∗ ≤ 1

K

∑
(Φ(yk)− Φ∗), îòêóäà

Φ

(
1

K

K−1∑
k=0

yk

)
− Φ∗ ≤ ∥θ0 − θ∗∥2

2hK
− 1

2hK

K−1∑
k=0

∥θk − yk∥2 .

Âòîðîé (áîíóñíûé) ÷ëåí ≥ 0 ïðèñóòñòâóåò òîëüêî ó Ñòðåíãà; äëÿ ISTA (yk ≡ θk)
îí îáðàùàåòñÿ â íóëü. Îòáðàñûâàÿ áîíóñíûé ÷ëåí è ïîäñòàâëÿÿ h = 1/L, ïîëó÷àåì
O(L ∥θ0 − θ∗∥2 /K). Ñèñòåìàòè÷åñêèé ñäâèã O(h2) äëÿ Ñòðåíãà (vs O(h) äëÿ ISTA) ñëå-
äóåò èç àíàëèçà êîììóòàòîðà [Sτ ,∇f ] àíàëîãè÷íî Òåîðåìå 4.2.

Ñëåäñòâèå 4.3.1 (Ñèëüíî âûïóêëûé Lasso). Åñëè äîïîëíèòåëüíî f ÿâëÿåòñÿ µ-ñèëüíî
âûïóêëîé, òî ðåêóððåíòíîñòü (16) óñèëèâàåòñÿ:

∥θk+1 − θ∗∥2 ≤ (1− 2µh) ∥θk − θ∗∥2 − ∥θk − yk∥2 + Ch2,

ãäå C > 0 ñâÿçàíà ñ ðàñùåïëÿþùåé îøèáêîé. Ïðè äîñòàòî÷íî ìàëîì h: ëèíåéíàÿ
ñõîäèìîñòü äî ïîëà O(h2) äëÿ Ñòðåíãà è O(h) äëÿ Ëè�Òðîòòåðà.

Äîêàçàòåëüñòâî. Èç µ-ñèëüíîé âûïóêëîñòè f : ⟨∇f(yk), yk−θ∗⟩ ≥ f(yk)−f(θ∗)+µ
2
∥yk − θ∗∥2.

Ïîäñòàâëÿÿ â Øàã 4 äîêàçàòåëüñòâà Òåîðåìû 4.3 è èñïîëüçóÿ ∥yk − θ∗∥2 ≤ ∥θk − θ∗∥2
èç (13):

∥θk+1 − θ∗∥2 ≤ (1− µh) ∥θk − θ∗∥2 + Ch2.

Èòåðèðóÿ: ∥θk − θ∗∥2 ≤ (1− µh)k ∥θ0 − θ∗∥2 + Ch
µ
.

Çàìå÷àíèå 3 (Îá îöåíêå O(h) äëÿ ISTA). ×ëåí O(h) · L2 â îöåíêå (à) ÿâëÿåòñÿ âåðõ-
íåé ãðàíèöåé, ïîëó÷åííîé èç ODE-àíàëèçà ðàñùåïëåíèÿ. Îäíàêî ïî Òåîðåìå 3.1 ìåòîä
Ëè�Òðîòòåðà òîæäåñòâåíåí PGD/ISTA, êîòîðûé ñõîäèòñÿ ê òî÷íîìó θ∗ áåç ñèñòå-
ìàòè÷åñêîãî ñäâèãà. Ñëåäîâàòåëüíî, ôàêòè÷åñêèé ïîë ISTA ðàâåí íóëþ äëÿ çàäà÷è
îïòèìèçàöèè; ÷ëåí O(h) îïèñûâàåò îøèáêó ïðèáëèæåíèÿ íåïðåðûâíîãî ïîòîêà (2),
à íå îøèáêó ìèíèìèçàöèè Φ. Ñòðåíã-ISTA, íàïðîòèâ, íå ñîâïàäàåò ñ PGD: åãî ôèê-
ñèðîâàííàÿ òî÷êà îòëè÷àåòñÿ îò θ∗ íà O(h2), ÷òî è íàáëþäàåòñÿ â ýêñïåðèìåíòàõ
(ðèñ. 5).

Çàìå÷àíèå 4 (Ñâÿçü ñ FISTA). Óñêîðåííûé âàðèàíò FISTA [3] ñîîòâåòñòâóåò Ñòðåíã-
ISTA ñ äîïîëíèòåëüíûì èíåðöèîííûì øàãîì (momentum), ÷òî äà¼ò O(1/k2) âìåñòî
O(1/k). Óñêîðåííûé àíàëîã äëÿ ðàñùåïëåíèÿ � òåìà îòäåëüíîãî èññëåäîâàíèÿ.
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5 ×èñëåííûå ýêñïåðèìåíòû

5.1 Ýêñïåðèìåíòàëüíàÿ óñòàíîâêà

Ñèíòåòè÷åñêèå äàííûå: X ∈ R500×100 (Ridge) è X ∈ R300×200 (Lasso), y = Xθ∗ + ε, ε ∼
N (0, 0.01I). Ðàçðåæåííîñòü â çàäà÷å Lasso: ∥θ∗∥0 = 10. Ìåòîäû: Ëè�Òðîòòåð (=PGD/ISTA),
Ñòðåíã-ðàñùåïëåíèå, FISTA [3] (áàçèñ). Ìåòðèêè: ñóáîïòèìàëüíîñòü Φ(θk)− Φ∗, íîðìà
îøèáêè ∥θk − θ∗∥2, ðàçðåæåííîñòü. Êîä: exp1_ridge.py, exp2_lasso.py (âîñïðîèçâîäè-
ìî, ñëó÷àéíîå çåðíî 42).

5.2 Ýêñïåðèìåíò 1: Ridge � ïðîâåðêà Òåîðåìû 4.1 è Òåîðåìû 4.2

Ïàðàìåòðû: λ = 0.1, Lf ≈ 2.04, κ = Lf/λ ≈ 20.4. Íà ðèñ. 1 ïîêàçàíû êðèâûå ñõîäèìîñòè
ïðè h ∈ {0.5/L, 1.0/L, 1.5/L}. Ïóíêòèð � òåîðåòè÷åñêèå îöåíêè èç Òåîðåìû 4.1: ρLT =
1/(1 + hλ). Êðèâûå Ñòðåíãà (êðàñíûé) ëåæàò íèæå êðèâûõ Ëè�Òðîòòåðà (ñèíèé) íà
âñ¼ì äèàïàçîíå, ïîäòâåðæäàÿ Òåîðåìó 4.2: ρS < ρLT.

Ðèñ. 1: Ridge-ðåãðåññèÿ: ∥θk − θ∗∥2 vs èòåðàöèè. Òðè çíà÷åíèÿ øàãà h. Ëè�Òðîòòåð (ñè-
íèé) vs Ñòðåíã (êðàñíûé), ïóíêòèð � òåîðåòè÷åñêèå îöåíêè èç Òåîðåìû 3.

Ðèñ. 2: Òåîðåìà 4: ñïåêòðàëüíûå ðàäèóñû ρLT è ρS êàê ôóíêöèè h · Lf (ñëåâà) è èõ ðàç-
íîñòü ρLT−ρS ñ òåîðåòè÷åñêîé ôîðìóëîé (8) (ñïðàâà). Òåîðåòè÷åñêàÿ êðèâàÿ (ïóíêòèð)
òî÷íî ñîâïàäàåò ñ ÷èñëåííîé.

10



5.3 Ýêñïåðèìåíò 2: Âëèÿíèå λ íà ñêîðîñòü (Ñëåäñòâèå Òåîðå-
ìû 4.1)

Íà ðèñ. 3 ñðàâíèâàþòñÿ êðèâûå ñõîäèìîñòè Ëè�Òðîòòåðà ïðè îïòèìàëüíîì øàãå h∗ =
1/
√
Lλ è ÷åòûð¼õ çíà÷åíèÿõ λ. Ðåçóëüòàòû (òàáëèöà 1):

Òàáëèöà 1: Ridge-ðåãðåññèÿ: çàâèñèìîñòü ñêîðîñòè îò λ. h∗ = 1/
√

Lfλ, ìåòðèêà � èòå-

ðàöèé äî 10−6 · ∥θ0 − θ∗∥2.
λ κ = Lf/λ ρ = 1/(1 + h∗λ) Èòåðàöèé äî 10−6

0.001 2042 0.9995 33
0.01 204 0.9952 32
0.1 20 0.9538 26
1.0 2 0.6735 10

Ðèñ. 3: Ñëåäñòâèå Ò3: ñêîðîñòü ñõîäèìîñòè (1/(1 + hλ))2k ïðè h = h∗(λ) = 1/
√
Lfλ.

×åòûðå çíà÷åíèÿ λ; ïðè áîëüøåé λ ñõîäèìîñòü áûñòðåå.

5.4 Ýêñïåðèìåíò 3: Lasso � O(1/k) è ñèñòåìàòè÷åñêèé ñäâèã (Òåî-
ðåìà 4.3)

Ïàðàìåòðû: λ = 0.05, Lf ≈ 3.1, h = 0.9/Lf . Íà ðèñ. 4 ñðàâíèâàþòñÿ: ISTA (Ëè�Òðîòòåð,
ñèíèé), Ñòðåíã-ISTA (êðàñíûé), FISTA (çåë¼íûé). Âñå òðè ìåòîäà äåìîíñòðèðóþò îæè-
äàåìûå ñêîðîñòè: ISTA è Ñòðåíã � O(1/k), FISTA � O(1/k2). Ïðàâàÿ ïàíåëü ïîêàçûâàåò
âîññòàíîâëåíèå ðàçðåæåííîñòè: îáà ìåòîäà êîððåêòíî îáíóëÿþò íåçíà÷èìûå êîìïîíåí-
òû.

Ðèñ. 5 äåìîíñòðèðóåò êëþ÷åâîå ñëåäñòâèå Òåîðåìû 3.1: ISTA òîæäåñòâåíåí PGD è
ïîòîìó ñõîäèòñÿ ê òî÷íîìó ìèíèìóìó Φ∗. Ñòðåíã-ISTA, íàïðîòèâ, èìååò îòëè÷íóþ îò
íóëÿ ðàñùåïëÿþùóþ îøèáêó O(h2), êîòîðàÿ âîçðàñòàåò ñ óâåëè÷åíèåì øàãà h.
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Ðèñ. 4: Lasso (λ = 0.05): ñóáîïòèìàëüíîñòü Φ(θk) − Φ∗ (ëîã-ëîã øêàëà, ñëåâà) è âîññòà-
íîâëåíèå ðàçðåæåííîñòè (ñïðàâà). ISTA è Ñòðåíã-ISTA � O(1/k); FISTA � O(1/k2).

Ðèñ. 5: Òåîðåìà 5: àñèìïòîòè÷åñêèé ïîë ïðè òð¼õ çíà÷åíèÿõ h. ISTA (ñèíèé) ñîâïàäàåò
ñ PGD (Òåîðåìà 3.1) è ñõîäèòñÿ ê Φ∗ ñ íóëåâûì ïîëîì. Ñòðåíã-ISTA (êðàñíûé) èìååò
ïîëîæèòåëüíûé ïîë O(h2), âîçðàñòàþùèé ñ h.

5.5 Ýêñïåðèìåíò 4: Ñèëüíî âûïóêëûé Lasso � ëèíåéíàÿ ñõîäè-
ìîñòü (Ñëåäñòâèå 4.3.1)

Íà ðèñ. 6 ïðîäåìîíñòðèðîâàíà ëèíåéíàÿ ñõîäèìîñòü ISTA äëÿ µ-ñèëüíî âûïóêëîãî Lasso
(µ = 0.01) äî ïîëà O(h), êàê ïðåäñêàçàíî Ñëåäñòâèåì 4.3.1. Êðèâàÿ äåìîíñòðèðóåò
ýêñïîíåíöèàëüíûé ñïàä ñóáîïòèìàëüíîñòè äî óðîâíÿ ìàøèííîé òî÷íîñòè ∼ 10−16 çà
∼ 70 èòåðàöèé.

6 Çàêëþ÷åíèå

Â ðàáîòå óñòàíîâëåíà òî÷íàÿ àëãåáðàè÷åñêàÿ ýêâèâàëåíòíîñòü ìåòîäîâ Ëè�Òðîòòåðà
è ïðîêñèìàëüíûõ ãðàäèåíòíûõ àëãîðèòìîâ (PGD/ISTA), ÷òî îáúåäèíÿåò êëàññè÷åñêèå
àëãîðèòìû SGD+weight decay è ISTA äëÿ Lasso â åäèíîì ôðåéìâîðêå îïåðàòîðíîãî ðàñ-
ùåïëåíèÿ. Ïîêàçàíî, ÷òî ñõåìà Ñòðåíãà (âòîðîé ïîðÿäîê) óìåíüøàåò ñèñòåìàòè÷åñêèé
ñäâèã c O(h) äî O(h2), ïðè÷¼ì äëÿ Ridge-çàäà÷è ýòî âûðàæàåòñÿ â ÿâíîé èòåðàöèîí-
íîé ýêîíîìèè O(log(1/ε)/κ2). Äëÿ íåãëàäêîãî ñëó÷àÿ (Lasso) îáà ìåòîäà ñõîäÿòñÿ ñî
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Ðèñ. 6: Ñëåäñòâèå 5.1: µ-ñèëüíî âûïóêëûé Lasso (µ = 0.01). ISTA ñõîäèòñÿ ëèíåéíî äî
ïîëà O(h), ÷òî ïîäòâåðæäàåò Ñëåäñòâèå 4.3.1.

ñêîðîñòüþ O(1/k), íî Ñòðåíã èìååò êà÷åñòâåííî ëó÷øèé ñèñòåìàòè÷åñêèé ñäâèã.

Îãðàíè÷åíèÿ. L1-àíàëèç äà¼ò O(1/k) âìåñòî ëèíåéíîé ñêîðîñòè; óëó÷øåíèå âîçìîæ-
íî ÷åðåç FISTA-ìîäèôèêàöèþ (èíåðöèÿ).

Ïåðñïåêòèâû.

1. Ñõåìû âûñøåãî ïîðÿäêà (Yoshida ïîðÿäêà 4) äëÿ Ridge.

2. Ñòîõàñòè÷åñêèé âàðèàíò (mini-batch splitting + L2).

3. Ñâÿçü ñ ADMM (ðàñùåïëåíèå ïî ïåðåìåííûì vs ïî îïåðàòîðàì).

4. Ïðèìåíåíèå ê weight decay analysis â ãëóáîêîì îáó÷åíèè.
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